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Abstract-In this paper, we establish some necessary conditions on the nonoscillation of the 
nonlinear difference equation 
fIq(fk:k_1 + ak*(zk) = 0, k= 1,2,..., (E) 
where W : R - R is defined by Q(s) = /SIP-~ s with p > 1 a fixed real number, and {ak}? is a 
nonnegative sequence with infinitely many positive terms. 
1. INTRODUCTION 
This paper is concerned with the nonlinear difference equation 
A@ (Azk-I) + ak @ (zk) = 0, k=1,2,3 ,..., (E) 
where Qi : IR --+ R is defined by Q(s) = IsIP-’ s with p > 1 a fixed real number, and {ak}y is a 
nonnegative sequence with infinitely many positive terms. 
A solution of (E) is a real sequence {zk}? which satisfies (E). Since (E) is a recurrence relation, 
it is clear, that, for any given real initial values zo and ~1, we can inductively obtain 22,23, . . . . 
A nontrivial solution {zk}r of (E) is said to be oscillatory, if for every positive integer N, there 
exists k > N, such that zk zk+l 5 0, and nonoscillatory, otherwise. Equation (E) is said to 
be oscillatory if all of its solutions are oscillatory, and nonoscillatory, if all of its solutions are 
nonoscillatory. Note that any constant multiple of a solution of (E), is also a solution of (E). 
In [l], the present authors proved that if (E) is nonoscillatory, then 
ak < m and (1.1) 
k=l 
lim sup rip-l 2 ak 5 I. (1.2) 
71--%X 
k=n+l 
It follows from (1.2) that if (E) is nonoscillatory, then 
(1.3) 
where l/p + l/q = 1. We established the Sturm-type separation theorem for (E). Thus, all 
solutions of equation (E) are either oscillatory or nonoscillatory, this means that oscillatory and 
nonoscillatory equations (E) are mutually exclusive. 
The purpose of this paper is to improve (l.l), (1.2) and (1.3) by a Riccati-type transformation. 
These results are discrete analogues of those in [2]. For some related results, we refer to [3-61. 
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2. MAIN RESULTS 
In order to prove our main theorem, we need the following lemma. 
LEMMA 2.1. [I, Lemma5.41 If{ }” xk O is a nonoscillatory solution of(E), then Xk Axk is eventually 
positive. 
Now, we can state and prove our main result which will improve (l.l), (1.2), and (1.3). 
THEOREM 2.2. If(E) is nonoscillatory and l/p+ l/q = 1, then there is a positive integer T, and 
a double sequence {‘llj,k 1 j > 1 and k > T} satisfying 
(4 Ul,k=Ak,fork=T,T+l,..., 
(b) uj,k 5 uj+l,k, for each j 2 1 and k 2 T, 
(cl ~~=“=,+, A4,-l Uj,k < 00 and 
Uj+l,n = A, + (p - 1) 2 A;-’ Uj,k, 
k=n+l 
(4 
(e) 
(f) 
where 
forn > T and j 2 1, 
for each k > T, {uj,k 1 j = 1,2, . } has a limit, say vk, 
lim sup+00 kp-’ uj,k 5 1, for each j 2 1, 
V n = A, + (p - 1) cE”=,+, Ai-’ Vk, for n L T, 
&=zr&ak<C~Jforn>l. 
PROOF. Let {xk} be a nonoscillatory solution of (E). By Lemma 2.1, without loss of generality, 
we may assume that Xk > 0 and A Xk > 0 for k 2 T - 1, for some positive integer T. Let 
wk = @ (Axk-l) 
@ (xk) ’ 
for k=T,T+l,.... 
Then wk > 0 and 
Au& = 
@ (Ax,) @ (Axk-1) 
@ (xk+l) - @ (ICk) 
= @ (Aa) -- 
@ (xk+l) @ (xk) 
= _ (p _ 1) 
P-1) 
< (p-l)wE+l-ak, 
for k 2 T, where Xk < 0 < Xk+l. This implies that {Wk) is decreasing and limk_+, Wk exists. 
Summing (2.1) from n to m, we obtain 
Wm+l - wn < -(P - 1) 2 wi+l - 2 ak, 
k=n k=n 
for m > n 2 T. It follows from (1.1) and the existence of lim,,, w,+l that 
w;+1 < 00, 
k=T 
which implies, limk,, wk = 0. Thus, 
ccl 
wn 2 An + (P - 1) c w;+~, 
k=n 
for n 1 T. (2.3) 
(2.2) 
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It is clear from (2.3) that w, > A, for n > T. By (2.2) and (2.3), we have 
and 
00 00 
c AQ-l UJ k+l k+l I c w:+l < 007 
k=T k=T 
w,>A,+(p-1) 2 A;-‘wrc, 
k=n+l 
for n 2 T, respectively. From (E), we know that A xn is decreasing for n > T. Thus, 
xn = XT + c;:; A xk 
nAx,-i 
> xT+(n-T) Ax,_1 , n-T 
nAx,+_i - nAxc,-i 
- 
n ’ 
for n 2 T. This implies that, 
and, hence, 
lim supnpV1 w, 2 1. 
n-Cc 
Let 2~1,~ = A,, and 
%,n = A, + (P - 1) 2 A;-“Ill,k, 
k=n+l 
for n 2 T. Then ~2,~ 2 ~1,~ and 
u2,n 5 A, + (P - 1) 2 A;-’ wk I w, 
k=n+l 
(2.4) 
(2.5) 
(2.6) 
for n 2 T. It follows from (2.6) that 
lim sup npW1 ~2,~ 5 1. 
n+co 
Suppose j is a positive integer and ~1,~ , UZ,~, . . . , uj+ are defined such that ~1,~ I ~2,~ I . . . < 
ujyn 5 w, for n > T, then 
~+l,n=A,+(p-1) 2 -‘$%,k, 
k=n+l 
whenever 1 5 i 5 j - 1 and n > T and by (2.4) 
whenever 1 I i I j. Let ~j+i,~ be given by 
uj+l,n = An + (P - 1) 2 Ai-‘q,k, for n 2 T. 
k=n+l 
Now 
uj,n = A, + (p - 1) 2 A;%j-l,k 
k=n+l 
LA,+@-1) 2 A;-“uj,k 
k=n+l 
5 A, + (p - 1) 2 A;-“wk < w,, 
k=n+l 
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which implies that Uj,n < ~j+l,~ 5 w,, for n 2 T. It is clear from (2.4) that 
00 
Aq-1 
k+i"j+l,k+l< c AQkyiwk+l <CO. 
k=T k=T 
We now see that there is a double sequence {'Uj,k 1 j L 1 and k > T} satisfying (a), (b), (c), and 
uj,k 5 wk, forjzl, k>T. (2.7) 
Now (2.6) and (2.7) give (e). From (b) and (2.7), we see that for each n 2 T, {uj,n}y=1 has a 
limit, say Y,. Clearly, w, 5 w,, it follows from (2.4) that 
co co 
c A;-1 wk 5 c A’-‘wk < 00 k 7 for n > T. 
k=n+l k=n+l 
Now, we claim that 
jiz 2 AE-‘Uj,k = 5 k Aq-l 21 k, 
k=n+l k=n+l 
for n 2 T. 
Given E > 0, it follows from (2.4) that there is an integer N > n + 1 such that 
ck ’ Aq-lwk <E 
k=N+l 
From (d), there is an integer M such that 
I?Lj,k - "jl < s, for j 2 M and n + 1 5 k 5 N. 
Then, it follows from (2.7) and (2.8), that 
4 1 
k uj,k 2 k A4-l ?I k 
k=n+l 
I m N I IN N I 
5 C k j,k C AQk-‘Uj,k Aq-lu. _ C AQ,-'Uj,k - C Ai-'Wk 
k=n+l k=n+l k=n+l k=n+l 
N 
+ 1 A;-lwk- 2 A;-‘wk 
k=n+l k=n+l 
52 k A’-‘wk + 2 AL-' Iuj,k - vkl $ 5 Aim1 Wk < 36. 
k=N+l k=n+l k=N+l 
Hence, (2.9) holds. This implies (f). Thus, the proof is complete. 
COROLLARY 2.3. If(E) is nonoscillatory, then 
(2.8) 
(2.9) 
5 ak + (p - 1) 2 
k=n k=n+l 
where l/p + l/q = 1. 
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PROOF. As in the proof of Theorem 2.2, we have 
lim sup rip-l u~,~ I 1, 
71-M 
and 
u2,n = A, + (p - 1) 2 A;-’ ul,/c = A, + (P - 1) 2 A:, 
k=n+l k=n+l 
where Al, = CT=, aj < co. Hence, the proof is complete. 
COROLLARY 2.4. If(E) is nonoscillatory, then 
gek fi{l+(p--1)&j-‘} <oc and (2.10) 
j=l 
2 A;+, fi {l + (p - 1) A;-I} < cm, 
k=O j=l \ 
(2.11) 
where Aj = Crzj a, and l/p + l/q = 1. 
PROOF. As in the proof of Theorem 2.2, 
such that, 
v,=A,+(p-1) 2 A;-‘?_& 
k=n+l 
there is a positive integer T and a sequence {TJ~}:&, 
for n 2 T. This implies that 
A V, = -a, - (p - 1) A;;; w,+l, 
for n > T. Its solution, zln+i, is 
W- - W - cL=T+l ak n,“=~+~ 
%+I = 
{l (p-l)A;-‘} 
l--l;:;+, { 1+ (P - 1) 4-l) ’ 
Hence, 
UT> 2 ak fi {l+(p-l)A,p-‘}. 
k-T+1 j=T+l 
Thus, 
,g+,ak fi {WP-l)A,p-'}-- 
j=T+l 
Clearly, (2.12) is equivalent to (2.10). Let z, be given by 
z, = 2 A:-‘?&, for n>T. 
k=n+l 
Then, 
AZ =-AQ-rv n n+l n+~ = -A:+, - (P - 1) A:;; G+I, 
which implies that (2.11) holds. Hence, the proof is complete. 
COROLLARY 2.5. If(E) is nonoscillatory, then 
liF_%f f 2 A;t. 5 p-Q, 
n k=n+l 
(2.12) 
(2.13) 
where Ak = CT=, aj and l/p + l/q = 1. The number p-9 is the best possible. 
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PROOF. Suppose to the contrary that there exists a < > p-Q and an integer T such that, 
$ 2 Ai > E, 
n knfl 
for n > T. 
As in the proof of Theorem 2.2, we assume without loss of generality that (2.3) holds for n 2 T. 
Let X = inf {wn/A, 1 n 2 T}. Then 
x> (p-1)XQ<+1. (2.14) 
But it is easy to see that for X 2 1 and < > p-Q, (2.14) is not possible. Thus (2.13) holds. 
To see that (2.13) is sharp, let 
ak = (y)’ (&)‘, 
fork>_l. Then 
liF+Ef $ 2 Ai = pmq, 
9z k=n+l 
where A, = Cp=, ak. In [l], Li and Yeh have proved that the equation 
A@ (Arc/c-l) + (9)” (&), @(Zk) = 0, k=l,2,3 ,..., (2.15) 
has a positive nondecreasing solution, thus (2.15) is nonoscillatory. 
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